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Introduction

URING the past three decades there has been significant

progress in the numerical analysis of unsteady, incompressible
flow problems. Despite the advances in algorithms and computer
hardware, however, time-accurate solutions of the incompressible
Navier-Stokes (N-S) equations remain a computationally intensive
problem, even in two dimensions. Time-accurate solutions of the
incompressible flow problems using primitive variables are particu-
larly time consuming because of the elliptical nature of the govern-
ing equations. The existing unsteady flow solvers require excessive
CPU capability; therefore, there is continuing interest in finding
more efficient methods for obtaining numerical solutions to the N-S
equations.

Recently, new ideas have been introduced for unsteady
flow solvers. One scheme of interest is the cubic-interpolated
pseudoparticle-combined unified procedure (CIP-CUP) method,
originally proposed by Yabe and Wang' and Yabe.? The CIP-CUP
method is an explicit time-marching scheme with a fractional-step-
like approach developed to handle complex fluid flow problems,
covering both compressible and incompressible flow. In the CIP-
CUP formulation, the solution procedure is divided into two phases:
nonadvection and advection. In the nonadvection phase, an inter-
mediate pressure field is solved first, and then intermediate velocity
and density fields are obtained from this pressure field. The pres-
sure field is computed by solving a diffusion equation for pressure,
which is obtained via manipulation of the momentum and pres-
sure (or energy) equations. In the advection phase, the governing
equations are solved for the velocity, density, and pressure at the
next time step using the CIP scheme. The CIP scheme is a new
class of upwind schemes using cubic polynomial interpolation and
is highly accurate for solving generalized hyperbolic equations such
as advection-diffusion equations and the Korteweg-de Vries (KdV)
equation.>*

In this Note, we present an explicit method, the CIP-artificial
compressibility extension (-ACE) method for solving the incom-
pressible N-S equations in a time-accurate and efficient manner.
This method uses an artificial compressibility approach’ to trans-
form the governing equations into a hyperbolic system and uses
CIP-CUP methodology to first decouple the pressure and the veloc-
ity fields and then to integrate them with respect to time. Although
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this method is applicable to three-dimensional flow problems, we
confine our discussion to one- and two-dimensional flow problems.

Governing Equations
The incompressible N-S equations for isothermal and constant-
density fluids are modified by introducing an artificial compressibil-
ity approach to the following system of equations, written in tensor
notation and dimensionless form:
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where ¢ is time, x; = (x, y) are the Cartesian coordinates, u; =

(u, v) are the corresponding velocity components, p is the pressure,
7;; is the viscous stress tensor, and 7 and 8 denote the pseudo-
time and artificial compressibility parameter, respectively, which
are introduced to apply the artificial compressibility formulation.
The viscous stress tensor is defined as
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where Re is the Reynolds number. In this formulation, an incom-

pressible flowfield (i.e., a divergence-free flowfield) is only obtained
when the pressure field reaches steady state in pseudotime.

Numerical Formulation and Methodology

The CIP-ACE method presented in this Note was developed from
the CIP-CUP method."? As in the CIP-CUP method, Egs. (1a) and
(1b) are divided into a nonadvection phase [Eq. (1a) and 3f /3t = G]
and an advection phase (8f/0t + u - Vf = 0), where f denotes
u = (u,v) and G represents the right-hand side of Eq. (1b). The
nonadvection and advection phases are then solved separately, as
described in the following sections.

Nonadvection Phase

By using a fractional-step-like approach and the Euler implicit
time-differencing formula for the time derivative, Egs. (1a) and (1b)
for the nonadvection phase can be written in the following vector
form:
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where the superscript n denotes the quantities at time ¢t = nA¢,
and the asterisk and double asterisks denote the first and second
intermediate quantities, respectively. The values with the double
asterisks are implicit values introduced by the application of the
implicit time differencing.

Here, we briefly describe the essence of the algorithm for solving
the system of Eqgs. (2—4). First, the velocity and pressure fields are
decoupled. Substituting the divergence of Eq. (3) into Eq. (2) gives
the following equation:
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Note that this equation is a diffusion equation in pseudotime and
can be easily solved by using one of the well-established algorithms
(e.g., Golub and Van Loan®).

Next, to determine the pressure field that will force the velocity
u** to be divergence free, Eq. (5) is solved. When Eq. (5) is iterated
in pseudotime until 3p*™* /01 = 0, Egs. (2) and (3) are satisfied,
and the divergence of the velocity is zero. Note that at steady state,
Eq. (5) is very similar to but is numerically more robust than the
market and cell(MAC) method.”
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Finally, combining Egs. (3) and (4) yields

-u" = —VUp™ + Lv2un (6)
At P Re

so that the velocity ™ is obtained without explicitly calculating u**,
by using the steady-state solution p** in pseudotime.

Advection Phase

For Eq. (1b) in the advection phase, the linearized representation
obtained by evaluating u at the » time step can be written in the
following vector form:

5
2w Vu=0,
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where the initial value of u is the value of #* obtained in the advection
phase.

The velocity field at the new time step #" ! is computed by solv-
ing the advection phase equation [Eq. (7)]. The time-integration
procedure uses the CIP scheme.

We now briefly outline the CIP scheme (described in detail in
Refs. 3 and 4). To illustrate the scheme, consider the following one-
dimensional model equation:
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§+ua_o 8

If u is constant, then Eq. (8) permits analytical solutions, such as
f(x, ) = f(x — ut,0). Although u is a function of x and ¢, for
sufficiently small At the solution is locally approximated by

flxi, t 4+ Aty = f(x; —uAt,t) ()]

where x; is a grid point. The numerical solution for Eq. (8) cannot be
directly obtained using Eq. (9) because the value of f is given only at
grid points x; (i = 1,2, 3,...) and the intergrid values correspond-
ing to x; — uAt are unknown. The CIP scheme uses the following
cubic-polynomial interpolation and evaluates the intergrid profile

of f:
Fi(x) ={(@:X +b)X + 0. fi}X + f; 10)

where X = x — x;, and f; and 3, f; are the values of f and
df/3x at the grid point x;, respectively. The values of param-
eters g; and b; depend on the known values f; and 9, f;. The
value of 3, f; is obtained by solving another equation, such as
3(0, f)/0t +ud(8, f)/9x = —d, f(du/dx), which is derived from
Eq. (8).

In this manner the CIP scheme is characterized by evaluating
the intergrid profile of a variable on the basis of cubic-polynomial
interpolation. Equation (10) also suggests that the CIP scheme is
nearly third-order accurate in space.

Numerical Results

Two sample incompressible flow problems with known exact so-
lutions were chosen to verify our CIP-ACE method. One problem
is flow through a one-dimensional channel with a constant total
pressure and an oscillating back pressure (a first-order solution to
this problem can be found in Ref. 5). The other sample problem
is flow that starts impulsively through a two-dimensional channel,
also known as transient two-dimensional Poiseuille flow (the exact
solution can be found in Ref. 8). For each sample problem, numer-
ical tests were done to determine which values of 8 and At result
in the best pseudotime convergence. The pseudotime convergence
rate was not very sensitive to the values of g and Ar, although it
increased with larger B or At.

All calculations were done on a SPARC classic workstation. For
the one-dimensional problem, the calculation took an average of
10~* s of CPU time per grid point per time step, and for the two-
dimensional, about 4 x 1073 s.

One-Dimensional Channel Flow
For a channel of unit length, with a total pressure py + % in the
channel, the static pressure at the outlet is

(pel <D

The governing equations for this problem are the same as the two-
dimensional equations [Egs. (1a) and (1b)], except that there is no
gradient in the y direction, and the velocity is a function of time
only. The following series solution therefore exists for u:

Pexit = Po + p. Sinot,

u(t) =1+ pur(t) + piua(t) + - - (11)

The calculation was carried out with a grid spacing of Ax =
1/20, a time step of Ar = 7/(30w), an artificial compressibility
constant of B = 200, and a pseudotime step of At = 100. For an
amplitude of p, = 1/10 and a frequency of @ = 10, at each time
step two subiterations in pseudotime were required for the pressure
calculation. At each time step, the maximum divergence of velocity
was less than 10~° and the maximum error of the velocity was less
than 1074,

Transient Two-Dimensional Poiseuille Flow

To validate our method for two-dimensional flow, we also solved
for the flow through a straight channel with a characteristic length
equal to half of the channel width and having a velocity profile
given by
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Fig. 1 Calculated (diamonds) and exact (solid line) velocity profile at
the channel outlet for two time points and a Reynolds number of 100:
a)t = 0.4 and b) ¢ = 10.0.
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where x is the coordinate in the streamwise direction, y is the coor-
dinate in the direction normal to the channel wall, y = 0 designates
the centerline of the channel, 8, values are the positive roots of
B =tanB(0 < By < B> < :-), and Re is based on the char-
acteristic length and the average axial velocity. This velocity field
represents a flow that starts impulsively at ¢ = 0, and at steady state
coincides with two-dimensional Poiseuille flow.

There is no inherent upper limit to the Reynolds number that can
be computed with the CIP-ACE method. We examined a represen-
tative case, namely, Re = 100. The calculation was carried out for
a rectangular region bounded by 0 < x <6 and 0 < y < 1, which
was discretized into a 61 x 11 uniform grid. The calculation used
a time step of Az = 0.01, an artificial compressibility constant of
B = 2000, and a psendotime step of At = 100.

At each time step, Eq. (5) was solved until a steady-state solu-
tion was achieved in pseudotime. During the initial transient stage
(near t = 0), five to six pressure subiterations were required for
calculating the pressure at each time step, but decreased with time
to three subiterations. The maximum divergence of velocity was
less than 1075 at each time step. Figure 1 shows a comparison be-
tween the calculated and the exact solution. The axial velocity pro-
files are shown at the channel outlet for two different time points.
The calculated results are fairly close to the exact solutions ex-
cept for those near the channel wall and for the initial transient
stage (t = 0.4, for example). These differences, however, diminish
with time. Moreover, agreement can be improved by using a finer
grid.

Conclusions

We presented a procedure for computing time-accurate solutions
to the incompressible N-S equations. The procedure, which we des-
ignated the CIP-ACE method, uses 1) an artificial compressibility
approach to transform the equations into a hyperbolic system, 2) a
fractional-step-like approach, and 3) cubic-polynomial interpolation
to upwind difference the N-S equations. A formal procedure based
on a fractional-step-like approach is used to split the momentum
equation into a nonadvection equation and an advection equation.
The nonadvection equation is solved using a steady-state solution
of the diffusion equation for pressure in pseudotime, whereas cubic-
polynomial interpolation is used to solve the advection equation. To
validate this CIP-ACE method, we solved two sample incompress-
ible flow problems with known exact solutions. For each problem,
the method showed rapid convergence to a numerical solution that
is reasonably compatible with the exact solution. The CIP-ACE
method can be extended in a straightforward manner to solve the
three-dimensional, incompressible N-S equations in generalized co-
ordinates, making it an attractive alternative to more established
numerical methods.
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Introduction

HE purpose of this Note is to evaluate the performance of

three pressure-strain correlation models (linear, quadratic, and
cubic in the Reynolds stress anisotropy tensor) in the prediction of
a compression ramp flow of 16 deg. Although compression ramps
represent only one class of nonequilibrium flow, they have impor-
tant practical application in the design of high-speed vehicles and
propulsion systems. Variations in the ramp angle can lead to flows
that range from an attached two-dimensional flow to a fully sepa-
rated, three-dimensional unsteady flow. Clearly, the latter limit is
outside the scope of the present study; however, for a ramp angle of
16 deg only incipient separation is observed experimentally at the
ramp and flat-plate juncture, and experimental results! show that
the flow is two dimensional. Thus, the flow turbulence along the
ramp is initially induced by the shock-boundary-layer interaction at
the flat plate and ramp juncture, and the flow can serve as a test of
pressure-strain correlation models to predict an important type of
compressible flowfield.

In any closure validation study, the first step is clearly the iso-
lation of each particular correlation closure; in the present study,
the focus will be on the pressure-strain correlation. In the solu-
tion of compressible flowfields, variable-density extensions to the
incompressible forms of these pressure-strain models have been
generally used. Thus, a variety of incompressible pressure-strain
models can be tested to assess their applicability to compressible
flow predictions.

The present study utilizes wall functions so that the effects of the
pressure-strain models can be isolated. Care must be exercised in
the implementation of the wall functions to insure a smooth func-
tional behavior of the dependent variables throughout the inner part
of the boundary layer. Equilibrium conditions consistent with the
existence of a logarithmic region are assumed; these must also be
consistent with the compressible models introduced for the vari-
ous correlations. Unfortunately, not all turbulence models satisfy
the Van Driest law of the wall when applied to compressible flows
because they yield values for the von Kdrméan constant « that differ
from the accepted value of 0.41. In this regard, Wilcox? and Huang
et al.> have examined the effect on the value of « for both the K -w
and K -& models with the compressibility corrections of Zeman* and
Sarkar et al.> and found that these models cause a deviation of the
log-law slope. For this reason, these explicit compressibility correc-
tions for the dissipation rate and pressure dilatation are omitted, and
a single-layer wall-function formulation is used in conjunction with
variable-density extensions of the incompressible pressure-strain
correlations.
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